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Abstract. The influence of atomic movement on the electron scattering is calculated
in a curved-wave theory. The contribution in the angelar momentum representation of
the Green funclion cap be split off into the Debye—Waller factor for the plane-wave
scattering and 2 curved-wave correction. The additional term can be used to correct the
expressions for the fine structure in the x-ray absorption spectra or for the angle resolved
photoelectron diffraction. The resulls are applicable to all approximative expressions for
these properties. As a main result due to the thermal movement of the atoms the
clements of the t-matrix, #;, have to be replaced by {2 = #; + k202 }; where Tis a
modified t-matrix. t and t have a different k-dependence. The consequence is a shit in
the peaks of the absoluie value of the Fourier-transformed spectrum. For nickel we get
a shift up to 0.1 au in the single scattering expression for the first nearest neighbour.

1. Introduction

The Debye—Waller factor (DwWF) (Debye 1930) was introduced to describe the influ-
ence of thermal vibrations on the elastic x-ray scattering from solids. It contains the
average square atomic displacement (u?) and was successfully used to describe the
temperature dependence of the measured structure factors. On the other hand the
thermal vibration also influences the x-ray absorption fine structure (xars) (Beni and
Platzman 1976, Teo 1986). In the latter case it is important that the relative phase
of the primary and the scattered electron wave is changed by the movement of the
emitter R, and the scatterer R;. The average relative atomic displacement (u3;)
determines the DWF.

High-accuracy intensity measurements indicate that a more detailed investigation
of the influence of thermal motion can give additional information. Going beyond
the rigid-atom approximation, partial DWF were calculated for different atomic shelis
(Buyers er ol 1968, March and Wilkins 1978, Reid 1579, Deutsch et al 1989). Fur-
thermore, anharmonic contributions to the mean square displacement were included
(Shukla and Hibschle 1989, Shukla and Plint 1989, Wenzel er af 1990, Stern et al
1991}.

In the expression for the x-ray absorption fine structure, curved-wave corrections
appear (Lee and Pendry 1975, Miiller and Schaich 1983, Fritzsche and Rennert 1984,
Barton and Shirley 1985, Fritsche and Rennert 1986) because we have a local electron
source inside the solid instead of an incident plane wave. The curved-wave correc-
tions give an additional contribution to the DWF. Brouder (1988} investigated these
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contributions for the static part of the DWF for a given radial distribution, g(r), within
the curved-wave approximation of Miiller and Schaich (1983) for single scattering.
We investigate the DWF in the general spherical-wave theory of Lee and Pendry
(1975) in the single-scattering and multiple-scattering terms of the XAFs expression
and also in the angular-resolved photoelectron diffraction. The result is transferable
to all curved-wave approximations. In section 2 we review the basic formulae. In
section 3 we derive an expression for the propagator, which includes the atomic
vibrations. It is shown that it can be reinterpreted as a modified scattering matrix. It
is discussed for single scattering in detail in section 4, In section 5 some multiple-
scattering loops are discussed and in section 6 numerical results are presented.

2. Basic formulae

The absorption coefficient in the one-electron picture

ay = 2% <1/)‘. w(r) (H%Im G(r, v, E; + fiw)) w(r’) 1,L',~> @
and the photoelectron wave function
W)= [ & Glr v, B+ o) ywlr () @

contain the Green function, G, of the system, which depends on the position of the
atoms, R, and their scattering properties ;. 1, is the initial core state and w(r)
is the perturbation by the photon. In the dipole approximation it is proportional to
P’ Cphoton T 7 * Eppgton-

The Green function in (1) and (2) can be written as (Lee and Pendry 1975,
Rennert and Chassé 1987)

G=G,+G, TG, (3)
G=G,+ G, TP G,. (4)

The difference between (3) and (4) is due to the position of the variable »; in (1)
it is near the emitter at R, and in (2) it is far away in the spectrometer. G, is the
atomic Green function, whereas G, is the free propagator. In the local description
the total scattering matrix T is a sum over single- and multiple-scattering processes

T=YtFq Y gt 4., &)
Ry Ra#Ry

In the single-scattering term we have the restriction R, # R,. R, is the photoabsorp-
tion site. In the second contribution the restriction is Ry # R, # R # Ry for T a)
and R, # R, # R, for T(P), respectively. In the angular momentum representation
we rewrite (3) as

G =G, ~ik Y dp(kr) Y (#) X T 61(kr' VYL (). (©)
L'L
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¢, is a solution of the radial Schrodinger equation (in the muffin-tin picture) and ¥,
is a spherical harmonic with L = I, m. # and é are unit vectors. The expression

X8, = ei(“?“?"(ZZGM;(RO ~R,) - (~ik)t’ Gy L (R, - Ry)
Ry L

+ 2 ) Gru,(By— Ry) - (—ik)6 G, p, (Ry — Ry)

Ra¥Ry LaLy
X (SR Gr, g (B, ~ Ro) 4 - ©
contains the atomic scattering matrix elements ¢; = —(1/k) sin §; exp(ié;) and the

coefficients Gz, (R). They appear, if a spherical wave

h(RIR + 7)Y (B+7) = > ju(kr) Yy (#)Gp (R) (8)
Ll’
Grp(B) =Y ami"' W (kR)Y2. (R) / dQ Y (e)Y} (e)Y.(e) ()
LH

is expanded around another centre (Lee and Pendry 1975, Rennert and Chassé 1987).

3. Inclusion of atomic vibrations
Now we consider atoms at rp

rp=R+ug (10)
which move around its position R. We calculate the influence of this movement. Usu-

ally it is characterized by a Debye—Waller factor (DWF). If we describe the movement
by phonons, then

uy; = Re Zuq,yexp[i(q-R—wq,,,'t)] (11)
qv

where  is a sum over contributions to different wave numbers ¢ and polarizations
v. In the adiabatic approximation we have to consider expressions (7) and (9) with
positions 7, instead of R. Using (9) again

Gpp(R+w) = ami* =TGN k| R + u)) V(R + )
AH

x / AQ Y, ()Y (e)Yn(e)

= Do am VN (k) V() 34w R (R R) YR (R)
A Af LH

x f A Y, (€)Y () Yy (e) f dQ Y, ()Y} (e)Yinle)
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and the plain wave expansion
ek = S " amiNj, (ku) Y () Vi (e) (12)
Al
we get

Gup(R+u) =Y 4ni’" ' h{)(kR) Y} (R) / A Y (€)Y (e)Yyu(e)elFve
LH

(13)

Grp(-R—u) =Y 4ni"+" a0 (kR)YE,(R) f dQ Y (e) Y7 (e)Yyu(e)eF .
LH

(14)

The parity Y (—e) = (~1)'Y,(e) was used. If we restrict the considerations to a
radial movement, u | R || e, then (13) reduces to equation (Al7) in the paper of
Brouder (1988). Using (13) and (14) instead of (9), the atomic movement can be
included into the expression for XaFs (1) and angle-resoived photoelectron diffraction
(2) in the single-scattering and multiple-scattering terms of the curved-wave theory.

In the plane-wave approximation the Hankel function is approximated by h;(z) =
i='hy(x) and (13) reduces to

G (R4 u) = 4mi’ Y (RRP (kR Y, (R)etbwen, (15)
We get the DWF in the plane-wave approximation from averaging the factor
exp (2iku - eg), which appears in (1).
4. Single-scattering expression
We start from the expression in (7). The abbreviations R;; = R; — R;, e;; =

R;;/R;; and u;; = up —up are used. Sometimes we cancel the indices altogether.
We insert (13) and (14} and get

S G (~RY(=RREG, [(RY =3 3 amil-T+”
Ly

Ll Lir
x RSP (kR)Y7 . (B) / 40, Y7 (e)) Yy, (€)Y (&)™ er ikt

x 3 amiM - ThGN R RY Y (R)

Arl‘
x f a0, Y2, (e))Y (&) Yauley et ver, (16)
Due to the atomic movement we have {o average the factor

(eikum-(az+ex)) = exp [—%kz((um (e, + 31))2” an
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and we restrict the expansior to the second moment,

In an isotropic Debye model we can sum over the polarization. The mean value
{u2 ) is independent of v. We get {(e; - u,0)?) = {(e5-110)%) = of; and {(e; - 1,4)
(&3 - u19)) = ey - ey with

oo =Y (ul)(1 - cos(g- R)). (18)

The thermal average reduces to

(eikum.(eﬁel)) = €Xp [_ kzaf{,(] +e 'ez)] = e~ 2% (1 + kzafu(l —e -e)+-- )
(19)

The term containing 1 — e, - e, describes the curved-wave corrections. In the plane-
wave approximation we have only contributions fore, = e, = e, and 1 —e; - e,
vanishes. Therefore we include only the lowest order of 1—e, -e, into the curved-wave
corrections.

Now we rearrange (16) for the curved-wave correction in (19), looking at the sum
over L, (writing L instead of L,)

ar Yy (1) Yr(e)Yi(e)(1 - ey - ey) = 3 (=1)'(2L+ 1)1 P()(1 = ¢)
L

H

= 3 (-1t 4 2L+ Dt + (L4 1) 4,1 B(C)
{
= 4x Y (—1)'5Y(e,) Y, (ey) (20)
L

with { = e, e, and wsing (2! +1)}(F = (I+1)F; +!F_,. The factor 1 —e; - e,
can be included by introducing a modified t-matrix with elements

P 1
Thus, due to the thermal vibration (19) we have the usual DWF exp (~2k%0%;) and
modified scattering properties described by

tf° = ¢, + k2ol l,. (22)

This is the main result of the paper.

In the curved-wave theory we have a scatterer at the position R + u, which
produces a scattered wave with angular momentum {. It is descibed by a scatterer at
the position R, which produces a scattered wave with angular momentum / and (1.
If we include higher-order terms in (19) we get additional | vajues.

This result was developed in the general angular momentum expansion (5) (Lee
and Pendry 1975). Thus, it can also be used for all approximate expressions (Miiller
and Schaich 1983, Fritzsche and Rennert 1984, Barton and Shirley 1985, Fritsche
and Rennert 1986). A scattering amplitude § calculated with T instead of t has the
property f(#) = 0, in accordance with the statement that the correction vanishes in
the plane-wave approximation.
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5. Multiple-scattering expressions

We do not write down the contributions to the DWF in detail, because they are
very lengthy (even in the plane-wave approximation). Let us look at a second-order
process, Ry — R, — R, — R, This is a contribution in (7) containing

Gprip,(Hy ~ Rz)(—ik)tﬁ’ G, (B — Rl)(_ik)tfl G, (R, — Ry).

Including in G the atomic vibrations (13) and (14) and averaging according to (17),
we have an additional factor

DWF = exp [~ k7 ( (15 * €5+ ty; - €5+ uyq ce)")]- (23)

Mean square displacements like (18) appear containing trigonometric functions with
g- (R, — Ry),q-(R,— R,), and q- (R, ~ R,) instead of ¢+ R. An expansion like
(19) is possible, but the angles e, - e,,, €, ' €;o and e, e, appear explicitly. In the
curved-wave corrections, e; - e, and e, - e, can be included into a modified t-matrix
(21) for both the scattering processes, but e, - e, remains separate.

We can get a simple expression for the multiple-scattering loops with shadowed
atoms, which are the most important ones. If we consider a process

Ry,— R, >R, - R, - R, with R, = 2R,

then we get an exponent (23) containing

Uigre,t Uy ezt tuy eyt =y - (eg+ ) +uyp-(ey—e3— e+ ;)
~ g (€3 + e5) (24)

where we used u,, = u,, — u,, A rearrangement is possible (24) and the Jast
term can be neglected, because (due to the special positions in the loop) we have
contributions for just e, = e; = e, = e, = e,, in the plane-wave approximation.
The movement of the aiom at R, gives a higher-order correction in the curved-
wave theory for this loop. It remains the same DWF as for the single-scattering loop
R, — R, — R, with the t-matrix t™° (22) only at R,.

6. Numerical results

We want to prove the importance of the curved-wave corrections developed in the
preceding sections. We consider a single-scattering loop and calculate the first-nearest-
neighbour contribution to XAFs in a nickel crystal. According to (22) we calculate
two spectra: one is calculated with ¢, and the other one with #,(21). Figure 1 shows
the result of the calculation where the contributions are multiplied by k and &3,
respectively. Thus, the factor k® appearing in (22) is still included. There is an
additional factor of 1/40 in the second coatribution to give nearly the same maximum
value,

The most important result is the difference in the length of the oscillations. This
length is determined by 2kR on the one hand and by the k dependence of the
phase of the scattering amplitude on the other hand. Figure 1 shows that there is
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a different k dependence of t and t. Figure 2 contains the absolute value of the
Fourier-transformed spectra. Due to the mentioned k dependence of the phase, the
position of the maximum of the Fourier-transformed spectrum differs from R (or
2R). This has to be included if we evaluate a spectrum to determine neighbour
distances. Neglecting the curved-wave corrections, an error of up to 0.1 au can arise
according to the difference in the maximum position of the two curves in figure 2.

The actual error depends on the weight of the second contribution in (22). Due to
the above-mentioned factor of 1/40 in the considered example both contributions in
(22) have nearly the same weight in the Fourier-transformed spectrum if 4002, (au)~2
is equal to one. This is the case for a3, = 0.025 (au)? or o3, =~ 0.006 A% This is
the order of magnitude of the mean square displacement at room temperature,

7. Summary

We have calculated the influence of the movement of the atoms on the Debye~
Waller factor in a curved-wave theory for the electron scattering. In the general
angular momentum expansion they can be expressed by a modified coefficient G,y
(13). It is possible to split off a Debye-Waller factor known from the plane-wave
scattering. However, there remain curved-wave corrections. In the single-scattering
expression they can be included by adding a contribution to the t-matrix, which has
a modified dependence on the phase shift and a weight containing the mear square
displacement and a factor k2. The curved-wave corrections can be important if the
modified t-matrix, t, differs in its & dependence in comparision to t.

References

Barton J J and Shirley D A 1985 Phys. Rew B 32 1892-1905, 1906-20
Beni G and Platzman P M 1976 Phys. Rev B 14 1514-8

Brouder C 1988 1 Phys. C: Solid Statz Phys. 21 5075-85

Buyers W J L, Pirie T D and Stith T 1968 Phys. Ren 165 999-1005
Debye P 1930 Z. Phys. 31 419-28



4322 P Rennert

Deutsch M, Hart M and Sommer-Larsen P 1989 Phys. Rev B 40 11666-9

Fritzsche V and Rennert P 1984 Proc. 14th Int. Symp. on Elecironic Siructure ed P Ziesche (Dresden: TU)
pp 7781 .

—— 1986 Phys. Status Solidi b 142 49-60

Lee P A and Pendry J B 1975 Phys. Rev. B 11 2795-811

March N H and Wilkins S W 1978 Acta Crystallogr A 34 19-26

Miiller J E and Schaich W L 1983 Phys. Rev B 27 6489-92

Reid § 1979 Acta Crystallogr. A 35 445-8

Rennert P and Chassé A 1987 Exp. Tech. Phys 35 2741

Shukla R C and Hubschle H 198% Phys. Rev: B 40 1555-9

Shukla R C and Plint C A 1989 Phys. Rew B 40 10337-44

Stemn E A, Livins P and Zhe Zhang 1991 Phys. Rev B 43 8850-60

Tec B K 1986 EXAFS: Basic Principles and Data Analysis (Berlin:Springer) p 26

Wenzel L, Arvantis D, Rabus H, Lederer T and Baberschke K 1990 Phys. Rev. Lert 64 1765-8



